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Policy Optimization

Direct policy optimization is a fundamentally different approach to learning policies
where we parameterize a policy and learn it directly.

It is different from value based methods which operate by estimating value functions
and extracting policies indirectly.

What is the objective parameterized policies optimize upon?
The expected return, also called J(;r) and the performance of a policy & for a starting
distribution rho can be written as:

V7™(p) == Esgnp V" (50)]

Using this objective, the optimization for a parameterized policy is written as:
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Why optimize policies directly?

- Continuous/high-dimensional actions:
- Value based methods require max operator which is intractable for continuous or large
action spaces. Policy parameterizations avoid this by directly outputting actions.[6]

- Policy parameterization naturally represent stochastic policies:
- helpful where optimal behaviour is stochastic/randomized in partially observable
environments or games.

- Function approximation compatibility
- Seamless integration with neural network function approximation.

- Smooth optimization landscape
- This enables gradient-based optimization with better understanding of convergence
properties.

The policy gradient theorem allows us to formalize this optimization.



- We get several useful and structured forms for the policy gradient using the
policy gradient theorem by Sutton, 1999[1]
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Going beyond vanilla policy gradients

For vanilla policy gradient methods, Kakade and Langford [4] also showed examples where the
convergence may be too slow or that the gradient would even point to wrong direction.

Hence we seek to go beyond vanilla policy gradient methods.
In a policy optimization algorithm, we want an update step that[9]

- uses rollouts collected from the most recent policy as efficiently as possible
- and takes steps that respect distance in policy space as opposed to distance in parameter space

To figure out the right update rule, we need to exploit relationships between performance of two
policies. The performance difference lemma, lets us compare the relative performance of two policies

> A A (s, at)]

t=0
> A (s, at)]

t=0

J(7) = J(n) + Erz

= J(m) + Esoa0,81,~7




Proof of performance difference lemma
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Looking closer at the performance difference
lemma

— Analyzing the policy performance difference can

help us gain insights into finding a more helpful

o0
B P optimization objective
J(ﬂ-) — J(ﬂ-) + ES())CLOaSl o~ Y A (St7 at) We can rewrite the relative policy performance
t—0 identity using have the discounted state-visitation

distribution defined as shown.
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Almost there! But, problematic feature: still
requires trajectories sampled from pi'...

= J(7) + L ZCZ{{-(S) Zﬁ(a | s)Ax(s,a).




Connecting the lemma with policy iteration
J(m) = J(m) + % Zdﬁ-(S) Zfr(a | s)Ax(s,a).

- This equation implies that any policy update from pi to pi hat has a nonnegative expected advantage at every state s, is guaranteed to
increase the policy performance, or leave it constant if advantage is zero everywhere.

- This implies the classic result that the update performed by exact policy iteration, which uses the deterministic policy iteration, improves the
policy if there is at least one state-action pair with a positive advantage value and nonzero state visitation probability, otherwise algorithm

converged to the optimal policy. as shown in immediate next equation:
> Tasecay (@ | 5)Ax(s,) = max Ax(s, )
a

Tereedy (8) := argmax,Qx(s, a) (Policy iteration step) 1
= argmax, (Qx(s,a) — Vy(s)) S (Tgreedy) = J () = 1—~ rgreeay () Z Tgreedy (@ | $)Ar(s,a)
= argmax,A(s,a) (Using advantage definition) 1 ° ¢
— E S A (s) max Az(s,a)
> 0.

- However, in the approximate setting, it will typically be unavoidable, due to estimation and approximation error, that there will be some states s

for which the expected advantage is negative.
- The complex dependency of dpi hat s on pi hat makes above equation difficult to optimize directly. we make an approximation to it then, this

approximation is also called the “surrogate”...



Performance difference and the approximation to
performance difference

- What if we just said d”pi’ ~= d”pi and didn't worry about it?
- Turns out this approximation is pretty good when pi" and pi are close! But why, and how close do they have to be?

J(m) = J(m) A . i/y Zdﬁ-(S) Zﬁ(a | s)Ax(s,a).
L(7) = J(m) A ] i . Zdﬁ(s) Z%(a | s)Ax(s,a).

J(mg) — L’iTeO (mo) = —— Z(dﬁe (s) — dﬁeo (s)) Z?Tg(a | S)Aﬂeo (s;a).




Can we say something about how close is the
actual performance to the approximation?

Since, »_, mg,(a | s)Ar, (s,a) =0,
we get at 6 = 0p:




Conservative Policy Iteration

- CPl performs each iteration in a mixture update of the form:[4]

Toew (@ | 8) = (1 — a)moa(a | s) + an’(a | s).

- Here pi' is approximately greedy policy and can be calculated by solving regression problem.
- This gives us the bound on performance:
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J(Wnew) > Lﬂ'old (ﬂ_new) -

- Above bound, which applied to conservative policy iteration, implies that a policy update that
improves the right-hand side is guaranteed to improve the true performance J and has
structured and promising convergence properties.

- CPlalso has the advantage that we don’t need to take gradients at any step, as long as we can
calculate the approximately greedy policy.



Going from constrained mixture updates to
constrained generalized updates

In CPI, we took a linear combination to limit big changes.

To generalize this more, because mixture policies are not used much, we can take inspiration
from the bounds of the CPl itself, the policy parameters differ havin upper bound of alpha.
have the total variation divergence, which is defined as: Drv(plla) = 5 S i — as

For CPI, we can observe the total variation divergence between new and old policies as:
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= 2«

What if we just had the variation divergence as the constraint for policy updates instead of
mixture policies? This is the idea Schulman et al[2] propose with TRPO.




TRPO generalizes the constraint using total variation
gllvg{gence and provides policy improvement bounds
ori

- Lett a = Dy (mold, Tnew) where Dy (Told; Tnew) = max Dy (7owd (- | 8)][Tnew (- | 5))

- Then a form of constraint we can keep would be having the old and new policies to be alpha
coupled which basically means that the sampling from two policies agrees with probability at
least T-alpha.

- With this assumption, we are able to derive bounds for policy improvement in this general case
as we did in the mixture policies case:

4
J(Tnew) > Lo (Tnew) — ———a? ~ where e =max|Ax(s,a)

(1 =) 5,0

- This is the principal theoretical result provided by the TRPO paper and proved in detail there.
- The surrogate L here is again the same as we used in CPI case.




A KL divergence based bound

- Pinsker’s inequality between the total variation divergence and Kl divergence which allows us
to write the the theoretical performance improvement in terms of Kl divergence from the total
variation divergence bound.

Drv(p|lg)? < Dkw(pllg)

- The updated policy improvement bound we get:

2
J(Wnew) > Lwold (Wnew) — C(D’&‘n{afx(wolda 7"'mevv)) where C' =

> Lwold (Wnew) — ODII?EX(WOIda 7Tnew)o



How to make use of the bound?

At iteration step ¢ we have:
J(m) 2 La,(7) — CDRE (73, )

let M;(m) := Ly, (7) — CDRF (7, )
then, for every :

J(m) = M;()
and for 7 = m;:

M;(m;) = Ly, (m) — C - 0= J(m;). (using our definition for L, (7))

- How to makle( use of the bound to obtain next step policy so that we have monotonically improving
policies? Take argmax!
mir1 = argmax, M; ()

- Then J(miv1) > Mi(mip1) > Mi(m;) = J (7).

- we get the next policy which improves in performance or stays the same.



A policy iteration algorithm

Algorithm 1 Policy iteration algorithm with guaranteed non-decreasing expected return J

Initialize .

fori =0,1,2,... until convergence do
compute all advantage values A, (s, a).
Solve the constrained optimization problem

maXx

Ti+1 = arg max L. (1) — C Dy (m;, 7))

dery
where C =
(1—7)? 1
and Ly, (m) = n(m;) + i Z dr;(8) za: m(a | s)Ar, (s, a)
end for

- Applying approximations to the above theoretically justified procedure yields a
practical algorithm.

- That practical algorithm retains the policy performance improvement guarantees and
yields strong empiricals results and is known as Trust Region Policy Optimization.



Why do we need approximations to the
theoretical result?

max Ly, (1) — C Dy (7, ) where C = 4ey/(1 — 7)?

7

- A problem is that the penalty coefficient C recommend by the theory is quite high when gamma is
near 1 which makes the learning steps very small.

- Asolution is to instead of using a KL penalty, use a KL constraint (called trust region)

- In this way we can take larger steps in a robust way and also control worst-case error through the
constrained upper limit.

max,; Ly (m) subjectto max Dky(mi(-|s),7(-|s)) <o

- Further, the max constraint is hard to compute so to make it tractable we approximate using the
mean KL divergence:

max,; Ly (n) subjectto Eyg Dir(mi(- | s)||x(- | ) <3




Solving the nonlinear optimization

[
So we have this optimization problem after making the approximations:

Tit1 = argmax,. Ly ()
st Esva,, Dxr(mi(- | s)||n(- | 5)) <0

This policy optimization step satisfies the two constraints we wanted:
1. The objective and constraint can be estimated using rollouts from the most recent policy - efficient!

2. From thte constraint, steps respect (a notion of) distance in policy space! The update is parameterization
invariant.

Parameterizing our policies we can write as:

Onew = argmaxy Lo, (0) s.t. Eseq, [Drrn(foal- | s)[|0( | s))] <0

This is a highly nonlinear optimization problem and directly solving it is highly intractable.
So how do we solve it? Approximately!



Analyzing the objective

mnaxg Zd901d<8) Zﬂ-@(a | S)Qeold (s,a) st ESNdeold [DKL(WQOM(' | s)|[ma(- | s))] <9

We can see that the V term does not affect the optimization, although using V function or a baseline helps reduce
variance.

Zd%ld ZWG CL | 5)A9 1d 8 a Zdt%ld ZW@ a’ | S [Q9 1d (Sva) VHold( )
S
Zpeold ZTF@ a | $)Voya( Zp%ld Voo ( ZWQ a|s)
S
— ZPQOM old -1

Using an importance sampling estimator, we can make use of samples we already have using our old distribution.

mo(a | s)
Inaxg ESNdeold,aNq q(a | S) Q9old(3>a’) s.t. ESNdeold [DKL(ﬂ'@old(' | S)HT‘-H(' ‘ 3))] <0




Linear approximation to the surrogate objective and
quadratic approximation to the mean KL constraint

- Objective: computing linear approximation using taylor series expansion.

For the current policy parameters 6,14, we take a small step to arrive at the new policy parameters

which we write as: 0 := 0,9 + Af. The linear approximation of the objective L _, becomes:

L4 (0) = L4 (Oora + AB)
~ Lg_,(0o1a) + g A6, where g := VyLy
- Constraint: taking quadratic approximation

The mean KL constraint we approximate quadratically because the first-order term for the mean
KL constraint becomes zero at 0,4.

0 :
old( ) :901d

Eswdy , [Dxr(Boia(- | )|0( | 5))] =t Dxr.(6o1a, 0)
= Dkr.(bo1d, Oo1a + A0)

1
~ §A0TAA9

Here A is the Hessian of the mean KL divergence measure.



The optimization takes form of that of
Natural Policy Gradient algorithm

- Our optimization takes the following form, which also arises

exactly in NPG: - We can read this that the
1 optimization is choosing the
Hnew — argmaxg gTAQ s.t. _AQTAAH <9 steepest direction under the

) — geometry induced by KL

divergence. The search
direction for this optimization
can be computed using
lagrange multipliers.

Let d := A8 = 0 — 0,19. Then for A > 0, the lagrangian becomes:
1
LA =g'd—)\ <§dTAd — 5)

Taking gradient w.r.t. d and setting to zero:

- The NPG direction A*-1gis

Val(d,\) =g— M NAd =0 ANAd = g. . ) . . .
alld:A) =g - J covariant, i.e., it points in the

Assuming A is invertible gives the direction: same dil’eCtiOH. I‘egal‘d|eSS of
the parameterization used to
d= A = lA—lg compute it.
X :

The point to note is that the optimizer points in the direction as given:

0 — Ooq x A" 1g. where A



Exact solution lies on the ellipsoid boundary

1
—dTAd = 6.
2

Substituting d = + A~ g gives:

= 2—/\2(A_19)TA(A_19)
1

= o
1

~one?

TA7taa 1y (using A’s symmtericity)
T A—l q

Rearranging we can write A as:

Plugging this backind = A~ ¢:

Among all directions that stay
inside the trust region forming an
ellipsoid, the one giving largest
inner product with g is the one
lying on the boundary of the
ellipsoid.

Whenever g"T Delta theta > O. we
can keep pushing outward until we
hit the boundary, hence the result.

The gradient of L is equal to the
policy gradient, so this update
gives a policy gradient algorithm
where we pre-multiply by A*-1.




Single path sampling procedure

Algorithm 2 Monte carlo estimation of Q values through sampling trajectories of state-action pairs
using TRPO'’s Single-Path method

Require: g, po, 7, horizon T', number of sampled trajectories N
Ensure: sampled state-action pairs and estimates of @)y
1: Setq(a|s) < my, (a]s)
2: Initialize D < ()
3: forn=1,2,...,N do

old

4: Sample sg ~ po

5: fort=0,1,..., 7T —1do

6: Sample a; ~ q(- | st)

7: Simulate one step to obtain r¢, s;41
8: end for

9: fortAzO,l,...,T—ldo

10: Q9old(3t>at) — Z’lljz\_tl ’yl_trl

11: D <—DU{(st,at,ngld(st,at))}
12: end for

13: end for

14: return D

- There are two methods shown for it in the TRPO paper namely single path and vine.
we discuss single path in detail here.

trajectories

Sn dn

all state-action
pairs used in
objective

Diagram from trpo paper of
one of the two sampling
methods. [ref2]




Empirical estimation of objective and constraint

Algorithm 3 Constructing empirical TRPO Objective and Constraint from samples collected using
Single-path procedure

Require: old policy my_,,, candidate policy g

Require: sample set from single-path procedure

Ensure: empirical surrogate ob]ectlve L(#) and empirical KL constraint Dir,(fo1q, 0)

1: LetD = {(Snaa'TLin)
2: Set

lM 7ran|sn A
32 o

n:1 T0oa (On | 1)

3. Set

M
~ 1
Dx1.(0o1a, 0) i ZDKL(WO()M(' | sn) [ 7o (- | sn))

n=1

- Methods such as GAE are helpful for better advantages estimates.
- Inour study we have used action-value form of policy gradients.




- 1 N
VGL(9)|9=90101 - N Z

7T9 079 | Sn

’9 OoldQ
Oo1d (an | Sn) "

mg(an | sn)Ve(log(ma(an | sn)))

0=0o14 O, (using log-derivative identity)

I
2|~
] =

7T901d (an | Sn)

i
—_

[
2] =
)=

Vo(log(ms(an | s0)))|,_, @

3
|
—_

So we get the policy gradient estimate g = v9i<9)‘0:9 . where Vylog(mg(ay, | sn))|e=0,, can be
computed using backprop. We can note that this takes an estimation form of the policy gradient
theorem.



Estimating the Hessian of the KL divergence

The hessian of the KL divergence we can write using averaging of samples via monte carlo estima-
tion of the KL divergence which we compute as:

DL (0ola, 0) = ZDKL To1a (- | 8n) | o (- | sn))

n 1

Then, A, the hessian of KL divergence, is estimated as ,Z, and takes values that we analytically
compute element-wise as:

2 1 Y
i ':sz:aeae

The analytic estimator integrates over the action at each state s,,, and does not depend on the action
an that was sampled. We are doing above method because it has computational benefits in the
large scale setting, since it removes the need to store a dense Hessian or all policy gradients from
a batch of trajectories.

(To1a (- | 80) [ w0 (- | 51))

In the other computationally hard case would have been computing covariance matrix of the
gradients which would have taken the following form:

. 1Na )

Aij = (9(9 logﬂ'O(an | Sn)aej log 7T¢9(an | Sn)

The KL divergence
Hessian A is equal to a
special matrix called the
Fisher Information matrix.




|
Algorithm 2 Natural Policy Gradient

Input: initial policy parameters 6

for:=0,1,2,... do
Collect set of trajectories D; on policy m; = 7(6;)
Estimate advantages A™ using any advantage estimation algorithm
Form sample estimates for
* policy gradient g; (using advantage estimates)
e and KL-divergence Hessian (Fisher Information Matrix) A;
Compute Natural Policy Gradient update

end for

- Instead of the exact step size calculated above, NPG algorithm can also have
any suitable step size chosen empirically.



What are limitations of NPG and how does TRPO
overcome them?

—
- One problem with NPG update is that it might not be robust to trust region size delta; at some

iterations delta may be too large and performance can degrade because of quadratic approximation,
KL-divergence constraint may be violated

- TRPO uniquely implements the solution to this by enforcing KL constraint and requiring improvement
in surrogate to avoid catastrophic steps. How? Backtracking line search.

Algorithm 3 Line search for TRPO

Compute proposed policy step A; = TATs AT g
forj; =0,1,2,...Ldo s
Compute proposed update § = 6; + o/ A,
Solve the constrained optimization problem
if Lgi (9) >0 and DKL(Qzllg) < 0 then
accept the update and set 0,1 = 0; + o/ A;
break
end if
end for

- Also for neural networks, number of parameters N is large- thousands or millions. Hessian has size N*2

(expensive to store) and matrix inversion complexity is O(N*3).
- The conjugate gradient (CG) algorithm helps to compute H”-1g without inverting H.



Trust Region Policy Optimization

Algorithm 4 Trust Region Policy Optimization

Input: initial policy parameters 6
for:=0,1,2,... do
Collect set of trajectories D; on policy m; = 7(6;)
Estimate advantages A™ using any advantage estimation algorithm
Form sample estimates for
* policy gradient g; (using advantage estimates)
e and KL-divergence Hessian-vector product function f(v) - A;v
i Yi

A

Use Conjugate gradient with n, iterations to obtain z ~ A;
20 T
Perform backtracking line search with exponential decay to obtain final update
Oiv1 = 0; + a7 A,

Estimate proposed step A; ~

end for




Experiments

Figure 2. 2D robot models used for locomotion experiments.
From left to right: swimmer, hopper, walker. The hopper and
walker present a particular challenge, due to underactuation and
contact discontinuities.

- We performed simulations for the swimmer and the hopper
using TRPO and NPG. See figure[ref 2].
- We used the mujoco simulator for these locomotions tasks.
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Hopper

Method comparison
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Cartpole

Method comparison
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For the lightweight task
for cartpole case, we also
were able to compute the
max kl trpo method,

This gave similar results,
helping to justify our
assumption to relax the
max kl to mean kl.




Conclusions

: PLll.ttI;r?g constraints on gradient based updates made policy optimization more
reliable.

- CPI, NPG, and TRPO provide a theoretical foundation for safe and structured policy
Improvement.

- TRPO's lasting contribution is the trust-region perspective that directly influenced
later methods such as PPO.

- A future direction is to understand how PPO retains this idea while making the
u ddates simpler and more practical. Also perform more comprehensive empirical
studies.
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Thank you!

Questions...




